We study B d and Bs mixing in unquenched lattice QCD employing the MILC collaboration gauge configurations that include u, d and s sea quarks based on the improved staggered quark (AsqTad) action and a highly improved gluon action. We implement the valence light quarks also with the AsqTad action and use the nonrelativistic NRQCD action for the valence b quark. We calculate hadronic matrix elements necessary for extracting CKM matrix elements from experimental measurements of mass differences ∆M d and ∆Ms. We find ξ ≡ fB s B Bs / fB d B 
I. INTRODUCTION
The mass differences ∆M s and ∆M d between the "heavy" and "light" mass eigenstates in the neutral B meson system have now been measured very accurately leading to the possibility of a precise determination of the ratio of two Cabibbo-Kobayashi-Maskawa (CKM) matrix elements |V td | / |V ts | [1, 2, 3] . This ratio is an important ingredient in fixing one of the sides of the "Unitarity Triangle", and hence plays a crucial role in consistency checks of the Standard Model. Reaching the goal of determining |V td | / |V ts | from the experimental ∆ M q 's, however, requires theory input on hadronic matrix elements of certain four-fermion operators sandwiched between the B q and B q states. Information on such hadronic matrix elements can only be obtained if one has control over the strong interactions, QCD, in the nonperturbative domain.
In this article we use lattice QCD methods to calculate the hadronic matrix elements that appear in the Standard Model to describe neutral B meson mixing. Simulations are carried out on unquenched configurations created by the MILC collaboration [4] . These configurations include effects from vacuum polarization due to three light quark flavors, up, down and strange (N f = 2 + 1 configurations, where N f equals the number of sea quark flavors). The up and down quark masses are set equal to each other. Table I lists the six different ensembles used, together with their characteristics such as the number of configurations, sea quark masses in lattice units, the valence quark masses employed for each ensemble, number of time sources and the number of smearings for the b quark propagators. Information on the lattice spac- ing a is presented in terms of the ratio r 1 /a, where r 1 is obtained from the static potential and r 1 /a has been calculated by the MILC collaboration for each of their ensembles [5] . The bare b and s quark masses have been fixed already in previous simulations of the Υ [6] and Kaon [7] systems. The MILC collaboration unquenched configurations have been created using the "fourth root" procedure to remove the four fold degeneracy of staggered fermions and some theoretical issues remain concerning the validity of this procedure. Considerable progress has been made, however, in addressing this important issue [8] and several recent reviews [9] summarize our current understanding of the situation. In this work we assume that physical QCD is obtained in the continuum limit, as implied by existing evidence.
In a previous article the HPQCD collaboration presented the first N f = 2 + 1 unquenched results for B s meson mixing parameters, based on simulations on two out of the above 6 MILC ensembles (sets C3 and C4) [10] . In the present work we broaden considerably the scope of our studies of B mixing phenomena. We generalize to include both B d and B s mixing and we use two sets of lattice spacings (the first 4 ensembles in Table I have a ∼ 0.12fm and are called "coarse" whereas the last two have a ∼ 0.09fm and are refered to as "fine" lattices).
Furthermore we now employ smeared operators for the B q meson interpolating operators and even on those ensembles used previously we have doubled the statistics, by going from two to four time sources. Unquenched lattice calculations by other groups exist in the literature. Several years ago the JLQCD collaboration published N f = 2 studies of B d and B s mixing [11] and the Fermilab/MILC collaboration has recently presented preliminary N f = 2 + 1 results based on the same AsqTad light quarks as in the present article, however using a different action for the b quarks [12, 13] .
In the next section we summarize the formulas needed for analysis of B meson mixing phenomena. We introduce the relevant four-fermion operators and describe how their matrix elements are parameterized and how they can be related to the CKM matrix elements |V td | and |V ts |. We then discuss the lattice four-fermion operators used in the simulations and how they can be matched onto the operators in continuum QCD. In section III we describe our simulation data and the fitting procedures one must go through in order to extract the matrix elements of interest. Section IV focuses on chiral and continuum extrapolations and section V presents results for
and f Bs B Bs together with discussions of systematic errors. This section, section V, summarizes the main results of the present work for quantities most directly associated with B mixing analysis. As part of our simulations, however, we have also accumulated more data on B meson decay constants, f B d and f Bs . Hence in section VI we update the results for these decay constants published previously in [14, 15] . Section VII presents a summary of the current work and a discussion of future directions in our program.
We conclude this introductory section with a comment on notation. The decay constants f Bq with q = d, s are defined in eq. (2) 
where i and j are color indices and are summed over. The symbol q stands for either the down or the strange quark. Working in the MS scheme, it is customary to parameterize the matrix element of OL between a B q and a B q state as,
Here f Bq is the B q meson decay constant and B Bq its "bag parameter". Factors such as 8 3 ensure that B Bq = 1 in the "vacuum saturation" approximation. Given the definitions in (2) the Standard Model prediction for the mass difference is [16] ,
where 
The goal is to evaluate the hadronic matrix element in eq.(2) using lattice QCD methods. Several steps are required in going from what is actually simulated on the lattice to the MS scheme quantities appearing in the continuum phenomenology formulas. One important step is to relate four-fermion operators in continuum QCD to operators written in terms of the heavy and light quark fields appearing in the lattice actions that we employ. Another crucial step will be to correct for the fact that simulations are carried out at nonzero lattice spacings and with light quark masses larger than the up or down quark masses in the real world. In the remainder of this section we address the first step, namely matching between the continuum QCD operator OL and its counterpart in the effective lattice theory that we simulate. The other step of chiral and continuum extrapolations will be discussed in section IV.
Our simulations are carried out using the improved staggered (AsqTad) quark action for the light quarks [17] and the nonrelativistic (NRQCD) action for the heavy quarks [18] . Matching through O(α s , Λ QCD /M, α s /(aM )) for the lattice action of this article was completed in reference [19] , where M is the heavy quark mass. We refer the reader to that paper for details and just summarize the most important formulas here. In effective theories such as NRQCD one works separately with heavy quark fields that create heavy quarks (Ψ Q ) and with those that annihilate heavy antiquarks (Ψ Q ). The operator that contributes to B q − B q mixing at tree-level and that matches onto (1) at lowest order in 1/M has the form,
As is well known, even at lowest order in 1/M there is a one-loop order mixing with another four-fermion operator,
This is true both in NRQCD and in HQET. If one introduces an effective theory field,
then Ψ ef f b and the QCD field Ψ b are related by a FoldyWouthuysen-Tani (FWT) transformation. In particular,
where the ∇ acts to the left. The FWT transformation determines the tree-level 1/M corrections to the fourfermion operators in the effective theory. For OL ef f they come in as,
Taking these corrections into account one can work through O(α s , Λ QCD /M, α s /(aM )) and finds the following matching relation,
The matching coefficients ρ 11 , ρ 12 , ζ 11 and ζ 12 are listed (for µ = M b ) in [19] . As explained there, the terms proportional to ζ ij are needed to remove O(α s /(aM )) power law contributions in the matrix elements OLj1 .
III. SIMULATION DATA AND FITTING
The starting point for a lattice simulation determination of Ô , withÔ = OL ef f , OS ef f or OLj1, is the calculation of the three-point correlator,
One works with dimensionless operators O L ≡ a 6Ô which are kept fixed at the origin of the lattice. Φ α Bq is an interpolating operator for the B q meson of smearing type "α", and spatial sums over x 1 and x 2 ensure one is dealing with zero momentum B q and B q incoming and outgoing states. The B q meson is created at time −t 2 and propagates to time slice 0 where it mixes into a B q meson. The B q meson then propagates further in time until it is annihilated at time t 1 . We have accumulated data for 1 ≤ t 1 , t 2 ≤ T max with T max = 24 on the coarse lattices and T max = 32 on the fine lattices. Given the well known properties of staggered light quarks, for fixed α, β the three-point correlator must be fit to
This ansatz allows for N non-oscillatory andÑ oscillatory contributions to the correlator (in practice we have worked with N =Ñ ). Not all the amplitudes A αβ jk etc. are independent due to symmetries. Similarly two-point correlators are fit to,
The relation between the amplitudes A αβ jk or the b α j and the matrix elements of the previous section can be identified as follows.
The energy eigenstates in the numerator are taken to have conventional relativistic normalization and the factors in the denominator are needed to make up the difference between this continuum normalization and the one in the effective lattice theory. For the ground state contribution A αβ 00 , and recalling that O L = a 6Ô , one has,
which includes the matrix element B q |Ô|B q that we are interested in. Similarly for the 2pt-functions one has,
Using 0|Φ
α Bq
Bq |B q one then has,
In order to assemble all the terms on the RHS of (10) we have tried two approaches. In the first approach we did separate fits for each of the operatorsÔ = OL ef f , OS ef f and OLj1 and inserted their ground state matrix elements into (10) . In the second approach we went through the analysis in the opposite order. Namely we first obtained the renormalized four-fermion operator at the three-point function level by forming the appropriate linear combinations of the C (4f ) 's, and then carried out fits to extract A 00 for the full renormalized three-point function. Consistent results were obtained from the two methods. For our final analysis we adopted the second approach which we found to be more convenient in practice. Our smearings consist of Gaussian smearings of the heavy quark propagator at both source and sink. In addition to for our renormalized three-point function we carry out simultaneous fits to an N sm × N sm matrix of two-point correlators (eq.(13) with α, β = 1, ...N sm ) (α = 1 corresponds to local, α = 2 to first Gaussian etc.) and to the renormalized three-point functions with α = β. Bayesian fitting [20] methods are employed to enable these complicated fits with large numbers of exponentials, i.e. of fit parameters. We fit to all data points within t min ≤ t , t 1 ≤ t max and t min ≤ t 2 ≤ t ′ max for t min = 2 ∼ 3, t max = 20 ∼ 24 (24) and t ′ max = 13 ∼ 15. We have used N exp ≡ N +Ñ ranging between 4 to 16 and looked for consistency in fit results as the number of exponentials was increased. An example of fit results on one of the coarse lattices is shown in Fig.1 . One sees that good and consistent results are obtained for 8 ≤ N exp < 16. When N exp becomes very large (in the case of Fig.1 ≥ 16) , errors tend to increase again indicating that our fit ansatz has become too complicated for the minimization routines to handle, given the amount of statistics that we have. Fig.2 shows an example for one of the fine lattices. Here we find good results for 8 ≤ N exp < 14. In general we have relied on our N exp = 8, 10 and 12 fits for all our ensembles.
We summarize fit results in Table II . Errors include both statistical plus fitting errors and errors coming from uncertaintiy in r 1 /a which we take to be ∼ 0.5%. Note that we have also gone to the renormalization group invariant bag parameterB Bq .
IV. CHIRAL AND CONTINUUM EXTRAPOLATIONS
The lattice data presented in Table II are for simulations with up and down quark masses m u = m d larger than in the real world and need to be extrapolated to the physical point. Reaching this physical point also involves taking the lattice spacing a → 0 limit. We use staggered chiral perturbation theory (SChPT) [21, 22, 23] augmented by further general discretization correction terms to carry out the simultaneous chiral and continuum extrapolations. Continuum heavy meson chiral perturbation for B and D mixing was developed in [24, 25] including for the partially quenched case. These formulas were generalized recently to next-to-leading order SChPT by Bernard, Laiho and Van de Water [26] and generously made available to us prior to publication. We use the following fit ansatz,
∆f q stands for the chiral log contributions and includes the staggered light quark action specific taste breaking terms. The factor of 1/2 comes about since ∆f q was calculated for the square, namely for f
2 ) and O(a 4 ). We have also tried adding more analytic terms with higher powers of quark masses. ∆f q includes the coupling g B * Bπ which has not been measured experimentally. However, based on Heavy Quark Effective Theory (HQET) arguments, g B * Bπ is believed to be close to an analogous coupling g D * Dπ in the D meson system for which some experimental information is available. The latter coupling is estimated to be between 0.3 ≤ g D * Dπ ≤ 0.6 [27] . As we discuss below, we have carried out two types of fits, one where we did a whole sequence of fits with g B * Bπ varying between 0 ≤ g B * Bπ ≤ 0.6 but where this coupling was kept fixed during each individual fit. In the second type of fit we let the coupling float and be one of the fit parameters. Both types of fits favored smaller values with g B * Bπ ≈ 0.1, however as long as g B * Bπ < 0.5 fit results were quite insensitive to its exact value. For the ratio ξ M Bs /M B d we use,
Here we have split up,
and then let g B * Bπ → b 1 become one of the fit parameters. In Fig.3 we show a simultaneous fit to the six entries in the last column of Table II . The green and blue curves are the curves from this fit appropriate to the coarse and fine lattice data points respectively and the red curve is the "continuum" curve obtained by retaining the fitted values for b 1 , b 2 and b 3 and turning off the b 4 and b 5 correction terms plus the taste breaking contributions inside ∆f q and ∆f qs . One sees that within our statistical and fitting errors of ∼ 2%, there is consistency between the three curves. In other words, we see almost no statistically significant lattice spacing dependence in this ratio. At the physical point the difference between the green and blue curves is 1.8%, which reduces to 1.3% if the green curve is adjusted and corrected for having a sea strange quark mass on the coarse lattices that is about 20% too large. One might be surprised that the magenta curve lies below the blue curve. This comes about because the various discretization effects inside (∆f qs −∆f q ) and in the b 4 & b 5 terms can have different signs and come in with different relative weights between the coarse and fine lattices. All these effects come in at the ∼ 0.5% or less level, and are hence too small to allow us to disentangle one from the other in a meaningful way. The fit shown in Fig.3 has χ 2 aug /dof = 0.54 [28] and gives g B * Bπ = 0.14(47). Turning off the c 4 and c 5 contributions and the taste breaking terms inside ∆f q leads to the red curve which can be followed down to the physical point. In contrast to the situation for the ratio ξ, here, with
one finds a noticeable shift between the coarse and fine lattice points. The difference between the green and blue curves is a 5.5% effect. Going from the fine (blue) curve to the red continuum extrapolated curve is a 4% shift, which is also the size of the chiral & continuum extrapolation error at the physical point. The fit in Fig.4 has χ Here the difference between the green and blue curves is a 6% effect and between the blue and red curve a 5.7% effect. These shifts are slightly larger than but similar to those for B d in Fig.4 . In both cases the discretization effects we are seeing in r 3/2 1 f Bq B Bq M Bq are larger than the naive expectation of a leading correction of O(a 2 α s ) which would be ∼ 4% or ∼ 2% on the coarse or fine lattices respectively. It was hence very important to have simulations results at more than one lattice spacing and carry out an explicit continuum extrapolation. Fortunately, for the important ratio ξ these discretization corrections cancel out to a large extent, as expected and as we have already verified in Fig.3 . We explain each entry in Table III in turn.
V. MAIN RESULTS AND ERROR BUDGET
• statistics and chiral extrapolations: These are the errors shown on the "physical points" in Figs.3, 4 and 5 and are outputs from our chiral & continuum extrapolation fits.
• residual a 2 extrapolation error: It is necessary to list this error separately since the degree to which the red curves in the above figures actually correspond to the true continuum limit depends on how well one has modelled discretization errors in our simulations. In other words one needs to assess the error in the fit ansatz for the continuum extrapolation (we assume the chiral extrapolation is handled sufficiently accurately by Staggered ChPT) and this turns out to be a nontrivial task. On the one hand the data appears to be consistent with the fit ansätze of eqs. (18) and (19) . We have tried adding further terms and found that fit results shifted by an amount less than, and in most cases much less than, the "statistical + chiral extrapolation" errors. Fig.6 shows results for the chirally and continuum extrapolated r 3/2 1 f Bq B Bq M Bq versus the number of parameters N par in the fit ansatz. For N par = 3 one has discretization corrections only through the ∆f q SχP T term and one sees that a good fit to the data points at the two lattice spacings cannot be obtained. However, once N par > 3, good fits are achieved and results and their errors are stable with respect to changes in N par.
On the other hand we know that due to our use of the NRQCD action to describe the heavy b quark, coefficients such as c 4 are in general complicated functions of (aM ) (although c 4 does include a constant piece coming from the light quarks). We have approached this complicated situation in the following way. We interpret the red "continuum" curves in Figs.3, 4 and 5 as the curves one would get after taking care of all discretization errors coming from the light quark and the glue sectors. Then under "residual a 2 extrapolation uncertainty" one would include errors coming from the heavy quark action. The leading such error in our calculations is of O(a 2 α s ) multiplied by some function of (aM ) which we initially take to be of O(1) leading to an additional uncertainty of ∼ 2% in f Bq B Bq . This would correspond to a standard power counting estimate of discretization errors where one takes coefficients of order one in higher order corrections. We have opted to be slightly more conservative in our power counting assessment and apply a factor of 1.5 rather than 1.0 for those cases where the "physical" (the magenta) points deviate by more than one σ from the fine lattice (blue) curve. By "σ" we mean here the "statistical + chiral extrapolation" errors. Table III gives an assessment of the uncertainty in our a 2 extrapolation rather than an estimate of the full discretization error, we believe the procedure outlined here to fix it is a reasonably conservative one.
• r 3/2 1 uncertainty: follows from the 1.5% error in current determinations of the physical value for r 1 .
• uncertainty in g B * Bπ : we carried out fixed coupling chiral fits for the range 0.0 < g B * Bπ < 0.6 and looked at the spread in the results at the physical point. For couplings larger than 0.6, χ 2 /dof starts to deteriorate.
• tuning of strange and bottom quark masses: The largest mistuning, which occurs in the sea strange quark mass m s on the coarse lattices, has been corrected for when calculating fit results at the physical point and residual effects have been estimated by varying this adjusted value for m s . Errors due to uncertainty in the valence strange quark mass have been assessed by comparing f Bq B Bq as one goes from valence quark mass m qs down to m q and errors coming from mistuning of m b have been estimated from the 1/M dependence of decay constants studied in [15] .
• operator matching and relativistic corrections: These two sources of error are intimately intertwined and again how to separate the two is not clear cut. As indicated in eq.(10), our matching for f Table III we have listed the first correction under "operator matching" and the latter correction under "relativistic corrections". And again the errors for ξ are reduced by a factor of 1/6 relative to those for the two non ratio quantities.
Using central values coming from the physical (red) points in the figures and the errors summarized in Table III, we can now present our main results.
and using r 1 = 0.321
f Bs B Bs = 266(6)(17) 0.321
where the first error comes from statistics + chiral extrapolation and the second is the sum of all other systematic errors added in quadrature. From the individual f Bq B Bq , q=s or d, one obtains a ratio of 1.231(58) (21) which is consistent with (21) however with larger errors.
The result for f Bs B Bs in eq. (22) The numerical simulations of two-point and threepoint functions, such as in eqns. (13) and (11), that enabled us to extract the B-mixing parameters of the previous section also provide information necessary to determine B d and B s meson decay constants f B d and f Bs . Decay constants are defined through the matrix element of the heavy-light axial vector current between the B q meson state and the hadronic vacuum. Using the temporal component A 0 and working in the heavy meson rest frame one has,
Just as with the four-fermion operators of section II, matching is required between the heavy-light current in continuum QCD and currents made out of quark fields of the effective lattice theory. This matching has been carried out at the one-loop order for NRQCD/AsqTad currents in [29] based on formalism developed in [30] .
The heavy-light currents J (i) 0 in the effective theory are defined as,
with Γ 0 ≡ γ 5 γ 0 and
The matching coefficients ρ i and ζ i0 are given in [29] . Note that the matching for the heavy-light current includes contributions at O(α s ΛQCD M ) and hence is more accurate than the matching in (10) for the four-fermion operator. We have evaluated the two-point functions,
for j = 0, 1, 2. We then calculate the renormalized current matrix element by forming the appropriate linear combination as dictated by the RHS of (25) . This is done for both B d and B s . The next step is to fit the renormalized two-point correlator using the ansatz of eq. (13) [29] . Hence, these should not be included under "relativistic corrections" in Table V . However, there are still O(α s ΛQCD M ) corrections to worry about in the NRQCD action. These would come from radiative corrections to the coefficient c B (often also denoted c 4 ) of the 1 2M σ · B term in the action. Although one-loop corrections to c B have not been calculated yet, one can nevertheless bound this coefficient nonperturbatively by calculating the hyperfine, the B * − B, splitting and comparing with experiment. Preliminary results discussed in [6] indicate that c B is close to one and the entire effect would be at most a 10% correction to a ΛQCD M contribution. For the present calculations this means an uncertainty of order 1% in f Bq and a much smaller one for
The final numbers for the decay constants including all errors added in quadrature become,
and f Bs = 231(15) 0.321
MeV.
These results for f Bq are consistent with but about one σ lower than the values f B d = 216 (22) MeV and f Bs = 260(29)MeV given in [14, 15] . The main difference between the analysis carried out here and in [14] is that in the latter case chiral extrapolations were done based only on coarse lattice data and furthermore no attempt was made to extrapolate explicitly to the continuum limit. The new result for the ratio in (31) is similarly consistent with our previous f Bs /f B d = 1.20(3)(1) [14] .
The B q mixing simulations can also be used to determine the bag parameters B Bq . From the separate final results for f Bq B Bq and for f Bq one finds B Bs (µ = M b ) = 0.86(6) and B B d (M b ) = 0.84 (10) . We have also attempted to extract the bag parameters directly from simultaneous fits to 3-point and 2-point correlators for each ensemble separately. The results are shown forB Bs in Fig.10 [2] leads to,
where the first error is experimental and the second from the lattice calculation presented here. This is the first time this ratio of CKM matrix elements has been determined while incorporating a fully self consistent N f = 2 + 1 calculation of ξ.
In addition to giving mixing parameter results, in this article we have also updated values for decay constants f B d and f Bs and their ratio in section VI. f Bs appears in the Standard Model prediction for the branching fraction for B s → µ + µ − [31] , a process sensitive to new physics. The most accurate result for this branching fraction comes from taking a ratio with ∆M s [32] , which gives a result inversely proportional toB Bs . Updating the parameters used in [32] for τ (B s ) and m t [1] , and including our result forB Bs of 1.33 (6) 
improving on the previous accuracy available. The largest contribution to the error on the branching fraction comes from the error onB Bs followed by the uncertainty in τ (B s ).
The calculations presented here can be improved in several ways. Foremost among the improvements planned for the future is to carry out simulations at other, finer, lattice spacings. Having results at more than two lattice spacings will help considerably in reducing the "statistical + chiral extrapolation" and the "residual a 2 extrapolation" uncertainties in Tables III & V. They would also contribute to constraining the value of g B * Bπ so that this source of error can then be ignored. Hence, one can expect lattice results for ξ (and also for f Bs /f B d ) with accuracy of ∼ 1% in the not too distant future. Improvement for dimensionful quantities such as f Bq B q will also require reducing the "r 3/2 1 " and the "operator matching" errors. The HPQCD collaboration is currently engaged in projects aimed at fixing the physical value of r 1 [33] with higher precision than in the past. We are also exploring nonperturbative methods for carrying out operator matching in heavy-light systems. At least for heavy-light currents, methods recently applied to accurate determinations of heavy quark masses, which involve moments of current correlators and very high order continuum QCD perturbation theory [34] , look promising for nonperturbative determinations of Z-factors. More work will be necessary to see whether such methods can be generalized to four-fermion operators. It is possible one can take advantage of the fact that a major contribution to matching of four-fermion operators comes from diagrams involving radiative corrections to just one of the bilinears within the four-fermion operator, in other words corrections that are identical to a heavy-light current radiative correction. This has been noted already in the one-loop calculations of [19] . With several of these improvements in place better than ∼ 5% accuracy should be achievable for f Bq B Bq . Another worthwhile direction for future investigations would be to calculate hadronic matrix elements of further ∆B = 2 four-fermion operators, beyond the two, OL and OS, studied here. As is well known, there are five such operators usually denoted Qi, with i = 1, 2, 3, 4, 5 [19, 35, 36] . In this notation OL ≡ Q1 and OS ≡ Q2. In this article we have focused on Q1 and Q2 since only they are relevant for the mass difference ∆M q in the Standard Model. The operator Q3 would come in for calculations of the width difference ∆Γ q [37] . Although we have already accumulated simulation data for Q3 we will postpone analysis for a future publication where we also plan to have results for Q4 and Q5 . In [19] the necessary matching at one loop has already been completed for all five four-fermion operators. The two hadronic matrix elements Q4 and Q5 do not appear in the Standard Model but are of interest in several Supersymmetric Models. To date only quenched lattice results exist for all five four-fermion operators [36] . It will be important for Beyond the Standard Model studies to generalize those results to unquenched calculations.
